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* The concept of information theory and entropy appears in many
statistical problems.

* Here we will develop some basic theory and show how it can be
applied to questions such as how to compute statistical

(in)dependence and how to design experiments such that we
achieve the goals

* In principle the development mirrors classical statistical mechanics

* There 1s a corresponding concept of quantum information theory,
which we will not cover here (see e.g. Preskill’s book)
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Information Theory

* Suppose we have a random variable with a discrete set of
outcomes pi, for i=1, ..., M

*  We construct a message from N independent outcomes of this
variable
* We need Nlog2M bits to transmit this information

* But what if some are more likely than others: for large N we
expect Ni=Npi events for each /

* Number of typical events 1s given by multinomial coefficient
g = NI/1i=MNil) << MY

« Remember Stirling formula x/ = x*e™(2 )" + ...

* The number of bits needed to specify one of g events 1n large N
limit 1s logzg = -N2ipilogpi << Nlog>M : Shannon’s theorem

proves that in large N limit error with this number of bits
vanishes

* Information content of p 1s /(p:;) = log2M + Zipilog2pi 2
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i a pi h(pi)
Entropy and information: discrete case s e e
3 ¢ .0263 5.2
. . 4 d .0285 5.1
* Shannon information (Shannon 1948): 5 o 0913 35
6 0173 5.9
h(X) - —logzp(x) 7 :; 0133 6.2
. 8 hn .0313 5.0
* Its average 1s called Shannon entropy: ® 1 0 41
H()() :-EpilogZpi 11 1{ :()()84) 6.9
12 1 .0335 4.9
* logog=logoN!/(ITi=1™Ni!) is known as entropy of 13 = 2% 54
mixing 1n the context of mixing of M 15 o 060 39

P . 5.
components 17 q 008 103
 Example: English alphabet has information S
content of 4.7+4.1 bit oon e
(p(x)=0: 0*log20=0) (log227=4.7) B v 09 04
* Entropy is minimized at 0 for pi=0dij and x . wor 104
- .1928 24

maximized for pi=1/M: it is a measure of disorder _**

Zpi log, ! 4.1
L) p.
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Fun problem to think about information

You are given 12 balls, all equal in weight except for one that is either
heavier or lighter. You are also given a two-pan balance to use. In each
use of the balance you may put any number of the 12 balls on the left
pan, and the same number on the right pan, and push a button to initiate
the weighing: there are three possible outcomes: either the weights are
equal, or the balls on the left are heavier, or the balls on the left are
lighter. Your task is to design a strategy to determine which is the odd
ball and whether it is heavier or lighter than the others in as few uses
of the balance as possible.

 Think first about how many states there are?

e A:24

* How much information every measurement gives?
e A:3

* Whatis minimal number of measurements?

¢ A:3324

* What it takes to get this for every case?

. A g | be inf ve f
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Relation between entropy and likelihood

 Instead of actual data likelithood we can replace it with its
ensemble average

* Suppose we have N measurements xi

<lnL> — _NH(X)
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Entropy for Continuous Distribution

H(X)=- /p(r) log p(z)dr = E{—log p(X)}

* Not invariant under reparametrization: i1f we change x to F{(x)
entropy changes by <|F”(x)[>, so absolute value 1s
meaningless.

* In statistical mechanics this is solved by canonical conjugate
pairs whose Jacobian 1s unity or if states are discretized
(quantum statistics): no such concept in statistics

* Not always positive definite. We will not distinguish log vs
log/In.
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Entropy for Continuous Distribution

* Joint entropy of X and Y

H(X)Y) = —/p(r,y) log p(z,y)dr dy = E{—log p(X,Y)}

* Conditional entropy of X given'y

H(X|y) = — [ p(zly) log p(z|y)dz = E{~log p(X|Y) | Y = y}

* Conditional of X given Y

H(X|Y) /p(y)H(-\'Iy)dy - —/p(y)/p(rly) log p(z|y)dzdy

- //p(r,y) log p(z|y)dxdy = E{E{—log p(X|Y) | Y}}
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Maximum Entropy

* For a bounded interval a < x < b find p with maximum entropy given the
normalization constraint: use Lagrange multiplier method

pler) =2 0

!
Hp) = / p(z) lgp(x)dr /‘"
plx)dzx 1.

o

b b
J(p) A / plx) nplz)de + Ao </ plx)dx |>

» Take the functional derivative with respect to p(x) and set it to zero

J
—J(p)=~Inplz) — 14+ X. =0
dp(x)dzx p(z) = e, A =1—1In(b—a)
o a<T<Dh . o .
p(x) = Y Uniform distribution maximizes entropy
0, otherwise.
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Maximum Entropy for Semi-unbounded Distributions

* [fwe are given mean on a semi-unbounded range from 0 to
infinity, p(x) =0 forx <0

X
/ rplr)dr = p < o
. x

J(p) = / plx) Inp(x)dr + Ay (/ plx)dx l).
Jo Jo
A1 (/ r plzr)dr /1)
U

Le /. x>0
p(z) ' » S Note the “Boltzmann” factor e-fx
0. otherwise.
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Maximum Entropy for Unbounded Distributions

* If we are given mean w and variance s on an unbounded range
from — to + infinity

J(p) = / plx) nplx)dr + Ay (/ plx)dr l)
Al (/ rp(x)dr /1) - A2 </ .1'3/:(.1'b(1.1' n:)

Ao llf.\,lf,\_'l" l

=== 7 if =0

o plx) = e

* (Can be further generalized: 1f we have constraints on first n = 2k
cumulants we obtain exponential of n-th order polynomial

* These “Boltzmann factors” have direct analogy with statistical
mechanics
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Maximum Entropy for ML

Principle: choose p(x) that maximizes entropy subject to constraints

(fi)model := / dx fi(x)p(x) = (fi)obs
Chl = -5, + T (e~ [ 0w

o (1- / dxp(x) ).

0= ‘fsf (05 p(x)) +1) = 3" Mfi(x) ~ 7

1

p(x) = E e i Mifilx) Z(\i) = [ dxe2=: *Ji¥) jg the partition function
dlog Z
<f'i>modcl — /dxp(x)f,-(x) — af — (fi)obs a/\, log Z = (fi>dat.a

il
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Kullback-Leibler (KL) divergence

« KL divergence 1s a relative entropy between two distributions
(discrete or continuous)

Dia (PIQ) = 3 P(9) log ZE; aPle)= [ ()1og%d

 Satisfies Gibbs inequality KL > 0: proof using Jensen inequality
for convex functions (see e€.g. MacKay 2.7) or:

ln:cg:c—l —Zpglnq—'Z—Zpi(ﬂ_l)

* This 1s 0 since probabilities are normalized
* Itis not a distance: KL(p,q) 1s not KL(g,p)
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KL Divergence for Gaussians

o Al 1t1 |
WayS pOS five p(x) q(x) L D, (P1Q)

* Increases as the two

.
distributions differ from o
each other
® Only 7Zero When the two Original Gaussian PDF’s KL Area to be Integrated
distributions are equal D, (P10)
—b
* Good way to probe how .
similar are two o
distributions: starting
pOint for Variational lllustration of the Kullback-Leibler (KL) divergence for &
asymmetry for the Kullback-Leibler divergence is clearly
Bayes methods visible.
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Exercise: KL Divergence for Gaussians

* Assume p = gauss(u1, or) and g = gauss(12, o)
* Evaluate KL(p||q) and show KL >0
* Evaluate KL(qg||p) and show it differs from KL(p||q)
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Solution: KL Divergence for Gaussians

B [ G Y L n2n(o? - a%)]da;

pllq
KL(plla) = \/ﬁ 20% 20% 2

Let u=2 — 1, Ap = p1 — po

K L(pllq) = ! e;;? [(u —Ap)” — u_2 + —ln27r( — J%)}dﬂ?
/2702 202 207 2

2 2
o7  Ap 1
202 + 207 2 + Inoz — Inoy

Minimized for Au=0

01 0  ao? 1 1
p a, 604( ; —Ina 2) 0, « - 0 = «

Minimized for o1 =02, KL=0

02 A2
KL(q|lp) = ~2 + =4

2 2—|—E—§+1n01—lﬂ(72
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KL Divergence and Negentropy

* Negentropy: KL divergence, 1.e. relative entropy, against a Gaussian
(which maximizes entropy) with equal variance

J(y) = H(yc) —H(y) 2 0

* Measures deviation of a distribution from gaussian. Can be
approximated as

J(y) = %E{y:‘}2 + _1—181»'urt(y)2 kurt(y)=E(y4)-3E(y2)2

* But other approximations may work better:

J(y) = [E{G(y)} — E{G(g)}]?

1 )
Gily) = —log cosh (ay),  Ga(y) = —ezp(—y"/2)
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Mutual Information

 Defined as amount of information shared between X and Y

I(X,Y) H(X)+H(Y)- H(X,Y)
E{-log p(X)}+ E{-log p(Y)}+ E{-log p(X,Y)}
p(X,Y)
Eftog p(X) p(Y)}
- p(X,Y) R
I(X,Y) Eflog -5t I(X;Y) = Dy (P(X,Y)|| P(X)P(Y))
pXIY), .. .
E{log =59 } = H(X) - H(X|Y)
Y|X . .
E{log p;(}l.) )} = H(Y) - H(Y|X) HOX,Y)=H(XIY) s HOYX)+I(X.Y)
* Minimizing I(X,Y) is a good way to define
independence: /(X Y)=0 if H(X|Y)=H(X)

or H(Y|X)=H(Y) and 1s positive (KL

. H(X H(Y)
divergence) .

1XY)-HEX) +HOY)-HEXY)-HEX)-HOOY)-HOY)-HOYY =
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Independent Component Analysis (ICA):
cocktail party problem

*  We have 2 sources of sound and 2 microphones and we would

like to separate the two
music original signals recorded
voice :",<
Py 2
oL o i
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Many possible forms of independent sources

a b a+b

a b a+b
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PCA vs. ICA

* They are different in general
* Mean 1s always subtracted

* PCA 1s not very meaningful for non-Gaussian distributions

<

A

Ee
o>

raw data

a+b

a+b

. e s
E Dt A
.

independent direction of
components largest variance
®, by
ny,09' . "
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ICA Setup

We have data x and would like to reconstruct individual sources s
assuming they are statistically independent. We subtract the mean

and assume linear relation x=As but we do not know A or s. We
assume linear reconstruction s =Wx. Our task is to determine W.

 We can assume SVD of A=UXV!

e W=Al=VXIUT?

e Letus whiten s, ss'=

e Then xx'=AssTAT=UXVIss VXTUT=UZXTUT=0Z2UT

* We can diagonalize xx'=EDE!, so we find SVD solution
W=VD2ET, We know E and D.

* If we knew A we would have determined V. But since we do not
know A we have the freedom to choose V to get independent
components
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ICA Continued

We have 1dentified U and X of A, without
knowing A. We first decorrelated A via PCA

(E) and then whitened A via D12
XW:D_l/zET and xwxw'=I

We need to find s’=Vxw. Since V 1s
orthonormal this can be viewed as another

rotation that does not change s’s '=I.

If the problem was Gaussian uncorrelated and

statistically independent are the same: any V
would be as good as any other: rotation of a

circle 1s still a circle.

If 1t 1s non-Gaussian we can Impose some
other statistic to rotate xw into statistically

independent components

normalization

—~
N
(-
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Measures of non-Gaussianity

 Moments: skewness, kurtosis, etc.

* Since we want independence we want to set to 0 cross-terms, €.g.
* Kurtosis Kurtiz=<xw1? xw2’>> -1

* In2dV can be represented as a rotation angle

| cos(B) —sin(0)
- [ sin(0) cos(0) ] |

* Vary 0 until Kurti2 1s 0.
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Multi-Information

e (QGeneralization of mutual (y) = / P(y)log, nl;(,—y(z,i)dy

* Information /(X Y) to several variables y (or s)
* Multi-information 1s O 1f y statistically independent
18) = Y H[(Vxw)i] —H([Vxy)

= Y H[(Vx)i] = (H x| +log, [V])

* ICA: we want to know V that minimizes 1(s), s = Vaw
V = argmin ZH (Vxy)i)
v i

 This 1s equivalent to maximizing negentropy
J=2i [H(sgi)-H(si)| where s = Vaw
*  We do not know P(s) so we need to use some approximation to

evaluate relative entropy 24
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Fast ICA

 Approximation for negentropy J = [ E(G(s))-E(G(2))]?

e Maximize 2iE(G(si)) = ZiE(G(Vixw)) = E(G(Vxw))

* Subject to normalization for V: Lagrange multiplier £
O(V) = E(G(Vxw))- BV V-I)

 This 1s optimization problem

*  We will discuss how to solve optimization problems next, but
typically this requires iterations, hence more complicated than

linear algebra

* For large dimensions iterative methods are faster than linear
algebra and even linear algebra problems are solved iteratively
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SIGNALS JOINT DENSITY

Input signals and density

SIGNALS JOINT DENSITY

AL
N et

Whitened signals and density 26
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~ SIGNALS
: NMW&

FW'-VW‘WMNW

JOINT DENSITY

o

Separated signals after 1 step of FastiCA

SIGNALS

et
JWWMW\#'{

o (%] o

n

JOINT DENSITY

oy

Separated signals after 2 steps of FastiCA

b

‘/,’.‘l\j'.\_})-‘\l'( "IJ"\,n'l“r.,-"‘\,l"\ f\\_/ﬂ'l._-’-"l./'."-,t"-‘

h o xn & o >

JOINT DENSITY

“

Separated signals after 4 steps of FastiCA

Subsequent
1terations rotate

Vuntil 1t
decorrelates the
two signals

27
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Doubly Peaked Example

v
E 2 oo et PR
e . - o ‘. "
S . g . .
w 1 . . . .
g . .’ . p
IE * ,n‘ S
= o _________ - = = — - A —
=
E o0 45 90 135 180
rotation 6 (degrees)
45° 80°

This example uses multi-information
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Fisher Information Matrix (Metric)

* Quantify the power of future experiments

* Instead of actual data likelihood we can replace it with its
ensemble average

* Suppose we have N measurements Xxi
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Ensemble Averaging:
Precision matrix becomes Fisher matrix.

* we can Taylor expand around a fiducial model in terms of
parameters ® we wish to measure

50, + 1 0°InL
é}-’id ' 2 p 89289] gfid

- ~ - InL
InL(0gq + AO) = InL(0gq) + 882.

50,80,

MLE: <61HL> _E ( alnp) —0 Maximized at fiducial model:
(991 (96)@ 92' — ei,ﬁd

Fisher Matrix:
0%InL 0*H
Fy= ()
Ofid

00,00;/ 60 00,00
B dlnp(z, 0) dlnp(z, 0) =
Fi; = /da: 26, o p(x,0)
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—/p(x,gdx = /e‘lnpda; =1

Olnp
—Inp =
/ c 00; dz =0

0%1np Olnp Olnp
—Inp _ _—Inp _
/ g 06.0, ¢ o0, aej}dx 0
0%1np 0%1np Olnp Olnp Olnp Olnp
E(aeiej) _/paeiejdx_E( 00; 00, ) = | P06, 00, “
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Back to Least Squares

—

2
_Inl, — Z (yz- — (4] )) If linear least squares then y=FO
207 precision matrix is constant and
equal to Fisher matrix

1

oy(xy) Oy(x
< 821nL > o <Z y@(&,,k) %(ij) > _ 5.
96,00,/ ~\ 2" 207 /)T

1

Posterior:  p(f) o e 00:Fij60;/2

Covariance Matrix: <”‘”~'> - <”'><”'> = Fj’
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Experiment Design

When we design an experiment we may be able to choose several
parameters: sampling of points x; where we measure data yi, noise

level o, number of data points x: etc.

At a given xi information on parameter ¢ 1s given by

(dyi/d @)’/oi’: this suggests choosing x; where this is maximized.
Note that this can be computed at the fiducial model without

actually taking any data

If we have several parameters we need to break their

degeneracies: this 1s not possible 1f we only observe at a single xi:
we need to compute full Fisher matrix and invert it to obtain the

final error estimate

By varying the design of the experiment we can predict what the
expected error on any given parameter will be: this enables us to

design experiment to reach the goals we wish to achieve
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Fisher matrix: mean and covariance
information

* Suppose we have a summary statistic of a
measurement in the form of mean and
covariance matrix

* We can get information from the sensitivity of

the mean u to the parameters, or from
sensitivity of the covariance Cy to the

parameters

Ei.f :<£~uif >|ﬁ

1 . . ~
:-—rr]' [CO l(,v’“ CO l(/‘._v'i ] -+ ”-u CO lll-.‘l

34
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Connection to classical statistics

* Cramer-Rao bound states that the error of unbiased estimator cannot be
lower than the inverse Fisher information

a‘.’

1(6) = ~ | 5> g S(X:0) 1

9] Var (é) > Ff))

Connection to Bayesian statistics

e Jeffrey’s prior based on Fisher information: invariant to reparametrization

* If p(@) xy/detI(@) then p(g) = p(d)

90;
det —
ea'

i
p(é) Xy det I(é) X \/det 1(5) detz%
¥j
00, lalnL BlnL] 06,
= ., /det — det E det —
dpi 00, 06, dp;

'« 90, dInL dlnL 86,
= . detE
J Z,: dpi 06, 00, 3%‘

" Oln L BlnL] -
= ./det E = ‘/detI .
\/ | Opi  Op; @) 35
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Literature

* D. Mackay, Information Theory, Inference, and Learning
Algorithms (See course website), Chapter 2

* M. Kardar, Statistical Physics of Particles, Chapter 2
 ICA: J. Shlens, A Tutorial on Independent Component

Analysis, https://arxiv.org/pdf/1404.2986.pdf
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