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Outline

Foundations
m What are foundations?
m What's problematic with set-based foundations?

Basics on homotopy type theory (HoTT)
m What is homotopy type theory?
m What are values and types?
m What is the dependent equality type?

Homotopy theory in HoTT
m How are types like spaces?
m How are constructions encoded?
m What are higher inductive definitions?
m What is circle induction?

Further topics
m What is path induction?
m What is type truncation?
m What is the univalence axiom?
m What's the status of the axiom of choice?
m What are models of HoTT?
m What are applications?
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Homotopy type theory is a new branch of
mathematics that combines aspects of sev-
eral different fields in a surprising way. It
is part of Voevodsky’s univalent foundations
program and based on a recently discov-
ered connection between homotopy theory
and type theory, a branch of mathematical
logic and theoretical computer science.

In homotopy type theory, any set (really:
type) behaves like a topological space, or
more precisely, a homotopy type. The ba-
sic notion of equality is reimagined in an
interesting way: Analogous to how two
given points in a space may be joined by
more than one path, two elements of a set
can be equal in many ways. A new axiom,
the univalence axiom, posits that equivalent
structures really are the same, thus formal-
izing a widespread notational practice.

Besides explaining how working in homo-
topy type theory feels like, the talk will
give answers to the listed questions. The
talk does not assume any background in
formal logic or type theory.

What are logical foundations for
mathematics and why should we
care?

What are the disadvantages of tradi-
tional set-based approaches to foun-
dations?

Why is the development of homo-
topy theory radically simplified in
homotopy type theory?

How are the seemingly diverse ac-
tivities of proving propositions and ex-
hibiting constructions identified?

How do inductive definitions of
important spaces concisely capture
their homotopy-theoretic content?

Why is homotopy type theory a ma-
jor step towards practically useful
and easily applicable proof assis-
tants?



What are foundations?

m Foundations set the logical context for doing maths.
m Their details don’t matter in everyday work (mostly).
m But their main concepts do.

http://collabcubed.com/2012/10/24/high-trestle-trail-bridge-rdg/
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What are foundations?

m Foundations set the logical context for doing maths.

m Their details don’t matter in everyday work (mostly).

m But their main concepts do.

m Classical foundations are set-based (ZF, ZFC, ...):
Everything is a set.

m0:=0, 1:={0}, 2:={0,1},
m (x,y):={{x},{x,y}} (Kuratowski pairing)

m (x,y,2) = (x,(y,2))
m maps: (X,Y,R) with R C X x Y such that ...

Arbeitsseminar Geometrie/Topologie Homotopy type theory

3/22



e Foundations allow us to be maximally precise.

e A proof as commonly understood is really a shorthand for a
(never spelled out) fully formal proof.

e Unlike informal proofs, the correctness of a formal proof
can be checked mechanically.

Logicomix: An Epic Search for Truth



e There is no such theorem as “the sun system is stable if and
only if the following large cardinal axiom holds”. Results
depend only very occasionally on special foundational ax-
ioms.

e Bridges will continue to hold even if a logician discovers an
inconsistency in Zermelo—Fraenkel set theory.



What's wrong with set-based foundations?

Set-based foundations ...

m do not reflect typed mathematical practice,
m do not respect equivalence of structures,

m require complex encoding of “higher-level” subjects,
complicating interactive proof environments.
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e Examples for questions which can be formulated:

- Is2 = (0,0)? (No, when using my definitions.)
— Is sin € 1? (Depends on your definitions.)

e In ordinary practice, these questions would be deemed as
nonsensical, since they disrespect the types of mathematical
objects and are not invariant under isomorphisms of the
involved structures.

e Note: There are also structural approaches to set theory with-
out a global membership predicate (e.g. ETCS), resolving
this defect.



Fully unravel the definition of “manifold” in set-theoretical
language to get a grasp of the complex encodings needed.

This is no problem for humans, but it is for machines.

Voevodsky: “The roadblock that prevented generations of
interested mathematicians and computer scientists from solv-
ing the problem of computer verification of mathematical
reasoning was the unpreparedness of foundations of math-
ematics for the requirements of this task.”

Note: Set theory is perfectly fine for studying sets.



What is homotopy type theory?

m Homotopy type theory is a new foundational theory.

m Basic notions have a homotopy-theoretic flavour.

m One can start doing “real mathematics” right away,
without complex encodings.

m Initiated by Voevodsky in 2005.

~ =]

Sdme participants of the IAS special year
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What is homotopy type theory?

Homotopy type theory ...

is elegant,

reflects mathematical practice,

contains wondrous new concepts,

ensures that everything respects equivalences,
simplifies the plumbing of homotopy theory,
allows for accessible computer formalization.
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e Homotopy type theory is approximately intensional Martin-
Lof type theory (existing since the 1970s) plus the new univa-
lence axiom.

o After repeatedly experiencing mistakes in his field going
unnoticed for several years, Voevodsky wanted to work
with proof assistants. He went public in 2009.

e Voevodsky: “This story got me scared. Starting from 1993
multiple groups of mathematicians studied the [...] paper
at seminars and used it in their work and none of them
noticed the mistake.

And it clearly was not an accident. A technical argument by
a trusted author, which is hard to check and looks similar
to arguments known to be correct, is hardly ever checked
in detail.”



Results which have been fully formalized in HoTT include:

7t (Sh)

TTk<n(S")

Tu41(S") is cyclic for all n > 3

fiber sequences and the long exact sequence
the Hopf fibration

the Freudenthal suspension theorem

the van Kempen theorem

the Blakers-Massey theorem



What are values and types?

m In type theory, there are values and types.
m Every value is of exactly one type.
m Types may depend on values.

7:IN
(3,5): N x N
succ:IN — IN
zero vector : R" (1 : IN)
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What are values and types?

m In type theory, there are values and types.
m Every value is of exactly one type.
m Types may depend on values.

7:IN
(3,5): N x N
succ:IN — IN
zero vector : R" (1 : IN)

Let B(x) be a type family depending on x : A.

m YoaB(x) ="{(a,b)|a:ADb:Ba)}"
m[LaB(x)="{f:A—??|f(a):B(a)foralla: A}”
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Types are familiar from programming (Int, String, ...).

But the type systems of well-known mainstream languages
are either trivial (Ruby, Python: everything is an object) or
not very expressive (C, Java).

Haskell and languages of the ML family have a rich type
system, encompassing function types and algebraic data

types.

But even their type systems do not support dependent types
— types which may depend on values. Look to Coq or Agda
for those.



e In the special case that B(x) := B does not depend on x, the
dependent sum and the dependent product simplify to cartesian
product and function type, respectively:

Y B=AxB and [][B=(A— B).
x:A x:A

e Dependent sums and products are very common in math-
ematics, even if they are not explicitly referred to by name.
For instance, a tangential vector field on a manifold M is
a value of the dependent product [],.,; TxM, and the total
space of the tangent bundle is } ,.,; TxM. Dependent sums
also occur in probability theory, when constructing sample
spaces for multi-stage experiments.



The rules governing product types are the following. See the
HoTT book for explanation.

r-A:U; T,x:AFB:U; T, x:AFb:B
TI-FORM [T-INTRO
FI—H(x:A)B:L{,- I‘}_/\(XA)bHﬁA)B
L'k f:Tlxa)B T'Fa:A Ix:A-b:B I'Fa:A
IT-ELIM IT-comp
Tt f(a): Bla/x] Tt (A(x:A).b)(a) =bla/x] : Bla/x]
rFf:H(x:A)B

TFf= (o f(0)) : TaB e



What is the dependent equality type?

In set theory, for a set X and elements x,y € X:

m “x = y” is a proposition.
m Set theory is layered above predicate logic.

In type theory, for a type X and values x,y : X:

m There is the equality type Idx(x,y) or (x =x v).
m To verify that “x = y”, exhibit a value of (x = y).
m Have refl, : (x = x).

m Identity types may contain zero or many values!

Intuition: (x = y) is the type of proofs that “x = y”.
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What is the dependent equality type?

In set theory, for a set X and elements x,y € X:

m “x = y” is a proposition.
m Set theory is layered above predicate logic.

In type theory, for a type X and values x,y : X:

m There is the equality type Idx(x,y) or (x =x v).

m To verify that “x = y”, exhibit a value of (x = y).

m Have refl, : (x = x).

m Identity types may contain zero or many values!
Intuition: (x = y) is the type of proofs that “x = y”.
Intuition: (x = y) is the type of paths x ~~ .
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Note that we use logical terminology. A proposition is merely
a statement, not necessarily a true statement.

In an intensional type theory, propositions are not an extra
part of the language distinct from values and types.

Instead, propositions are types.

To prove a proposition means to exhibit a value of it. Such
a value can be thought of as a proof or witness.

We have proof relevance.

Types whose values are all equal — types for which merely
knowing that they are inhabited is all there is to know —are
called mere propositions. See below for IsMereProp.



Examples for more complex propositions (types):

e “X s a subsingleton”: [TexIT:x(x =y)
e “Addition is commutative”: [, Ly +m = m+n)

e “Every numberiseven”: [, L (1 = 2m)

By reading “for all x : X” for “[],.x” and “there exists x : X”
for Y ..x”, these types can be interpreted in a simple logical way.
But at the same time, they can be read in geometric/homotopy-
theoretic terms; see below.



The type of monoid structures on a type X is

Z Z <H(eox:x)) X (H(xoe:x))x

o XxX—Xe:X ( x:X X

(H ((XOV)OZZXO(]/OZ)))>.

xy,z2: X



e Identity witnesses can be composed: Letp : (x =y) and g :
(y = z). Then there exists a canonically defined witness p *

q:(x=2z).

e Composition of identity witnesses is associative. The proof
of this fact is a value of the type

(pe(qrr)=(p=q)+7).



How are types like spaces?

homotopy theory type theory

space X type X
pointx € X value x : X
path x ~~ y value of (x = y)

(continuous) map valueof X — Y

m A homotopy between maps f,g : X — Y is a value of
(f~g) =]](f(x) =35(x)).
xX

m A space X is contractible iff

IsContr(X) :== ) _J[(x=y).

xXy:X
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This type has values x,y : X.
The paths p, g, and r are values of (x = y).

Since p and g are homotopic, we have (p = ¢); a witness of
this fact is the value H : (p = q).

Because of the hole, p (and g) are not homotopic to r. So
—(p = r); more precisely, the type ~(p =71) = ((p=71) —
0) is inhabited, where 0 is the empty type.

We have (x = y) ~ Z, where ~ denotes equivalence, to be
discussed below.



e The type (f ~ g) is the type of homotopies between f and g.
Itis read as the type of “continuous families of paths f (x) ~»

g(x)".

e To understand the definition of contractibility geometrically,
one may not read it in logical terms: One may not read it
as “there exists a point x such that any point y is connected
to x”.

e Instead, it should be read as follows: There exists a point x
such that there is a continuous way of associating to any
point y a path x ~ y. Convince yourself that this not pos-
sible for your favorite example of a non-contractible space
(for instance, the circle).

e A space is connected if and only if

YITIx=yl-.

X y:X

Here, ||(x = y)||-1 is the (—1)-truncation of (x = y); itis a
mere proposition. See below.



How are types like spaces?

m “The type X is contractible”:

IsContr(X) :== ) _J[(x=y).

X y:X
m “The type X is a mere proposition”:

IsMereProp(X) := [] (x =v)
xy:X

m “The type X is a set or discrete space”:

IsSet(X) := [ [ IsMereProp(x = y)
xy:X

m For instance, IN is a set.
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e The only interesting feature about a mere proposition is
whether it is inhabited or not.

e The type IsMereProp(X) is equivalent to (X — IsContr(X)).



How are types like spaces?

m Functions are automatically continuous/functorial:

(x=y) — (F¥) =fy))-

m Type families P : X — U automatically behave like
fibrations, in that fibers over connected points are
equivalent:
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e U is a universe. Its values are, to a first approximation, all
types.

e For types A and B, (A ~ B) is the type of equivalences be-
tween A and B. See below.

e The function (x = y) — (f(x) = f(y)) is compatible with
composition of identity witnesses.



How are constructions encoded?
m The fiberofamapf : X — Y overa pointy : Yis
fibe(y) :== ) (f(x) = v).
x: X

m The path space of X is
X=Y (x=y).

XX
m The based loop space of X at x is
ONX,x) = (x = x).
m The path fibration of (X, x) is the map

fst:) (x=y) = X.
y:X
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How are constructions encoded?
m The fiberofamap f : X — Y overa pointy : Yis
fibe(y) :== ) (f(x) = v).
x:X
m The path space of X is LOOK MA!
X=Y (x=y).

x,y:X
m The based loop space of X at x is
ONX,x) = (x = x).

m The path fibration of (X, x) is the map LookMa.net
fst:) (x=y) = X.
y:X
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Look ma! For doing homotopy theory in HoTT, the following
are not needed:

e open sets

construction of topologies on equivalence classes of paths

real numbers

axiom of choice

law of excluded middle



What are higher inductive definitions?

The type IN of natural numbers is freely generated by

m apoint0: N and
m a function succ : N — IN.

This definition gives rise to an induction principle

1 ( (HA ) — A(succ n))) — %A@)),

A:IN—-U

and a recursion principle

H(Xx (]N—)(X—>X)) — (lN—>X)>.

XU
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U is a universe. Its values are types.

The recursion principle is the specialization of the induc-
tion principle to constant type families A(n) = X.

In a higher inductive definition, constructors may not only
generate points, but also paths and higher paths.

We will drop the adjective “freely”.



How to present famous spaces?

The circle S! is generated by

m a point base : S! and
® a path loop : (base = base).

The sphere S? is generated by

m a point base : S? and
m a path surf : (reflpase = reflpase)-

The torus T? is generated by
m a point b : T?,
m apathp: (b=0),
m apathg: (b="0),and
m a2-patht: (pg=q-p).
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Note that a presentation of a type determines, but does not
explicitly describe its higher identity types.

Just like the free vector space spanned by set contains not
only the given elements, but also their linear combinations,
the type given by a higher inductive definition (or its higher
identity types) may contain many more values than explic-
itly listed.

For instance, there is a nontrivial element in (reﬂreﬂbase =
reflyef,,.. ), Where base : S§?, corresponding to the Hopf fibra-
tion.

More generally, higher-dimensional paths are forced into
existence by proofs. For instance, in (base = base) where
base : S!, there are the values loop * (loop * loop) and (loop *
loop) * loop. They are the same by a witness of type (loop *

(loop *loop) = (loop = loop) * loop).

Also, different generators may turn out to give rise to the
same element.



How to present famous spaces?

The suspension XX of X is generated by

m apoint N : XX and
m apointS: XX and
m a function merid : X — (N = ).

The cylinder Cyl(X) of X is generated by

m a function bot : X — Cyl(X) and
m a function top : X — Cyl(X) and
® a function seg : [,.x(bot(x) = top(x)).

Of course, we can show Cyl(X) ~ X x I ~ X.
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The infinite-dimensional sphere S® is generated by
e apointN:S% and
e apointS: S* and
e for each x : $®, a path merid(x) : (N = S).

So S ~ ».8%.

Of course, we can show S® ~ 1.



If G is a discrete group, the classifying space BG is generated by

a point base : BG,

e a function loop : G — (base = base),

e avalue of type loop(e) = id,

e avalue of type [, . loop(x oy) = loop(y) * loop(x), and
e “BGisa l-type”: foreach x,y : BGand p,q : (x = y) and
r,s:(p=4q),apathr =s.

See http://dlicata.web.wesleyan.edu/pubs/1f14em/1f14em.pdf.


http://dlicata.web.wesleyan.edu/pubs/lf14em/lf14em.pdf

What is circle induction?

base

The induction principle of S! states: Given P : S' — U,
m apointb: P(base),and m apath ¢ : loop,(b) =b
there is a function f : [],.q1 P(x) such that

m f(base) = band m f(loop) = ¢.
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e In particular, restricting to constant type families, we obtain
the recursion principle of S!. It says that functions S* — X
are given by a point b : X and a loop (b = b).

The drawing was lifted from the HoTT book.



What is path induction?

(Based) path induction states: Given

m avaluea of a type A,
m a type family C: [],.4((a = x) — U), and
m avalue c: C(a, refly),

there is a function

f£:IT IT Clop)

x:A p:(a=x)

such that f (a, refl,) = c.
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In particular, in proving that a proposition depending on
a value x and an identity witness p : (¢ = x) holds for all
thoses values and witnesses, it suffices to prove it for the
special value a and the canonical identity witness refl,.

Note that this does not mean that any value of (2 = x) is
equal to refl,! Indeed, this claim is not even well-typed.

The induction principle only makes a statement about the
whole type family of the (a = x)’s with x varying, not about
individual types.

Compare with the classical based path space: In it, any ele-
ment (any path starting at x) is connected to the trivial path
at x. But this does not mean that any path is homotopic to
the trivial path.



As an example, let’s define the path reversal function
inv: [ [((a=x) — (x=n0)),
XA

where a : A is a fixed value, by path induction. For this, we
define the type family

C:= ((x:A,p:(a:x))r—>(x:a)):1;[((a:x)—>2/l)

and note that we have the value
c:= refl, : C(a, refl).

Therefore, by path induction, we obtain a function

f:I] IT] (x=a).

x:A p:(a=x)

This is inv.



e Working informally, we would write the construction more
concisely:

“Letp : (a = x) be given, we want to construct inv(p) : (x =
a). By path induction, we may assume that p = refl,. In this
case, we define inv(p) as refl,.”

e Here is how we construct the path composition function:
“Letp: (a =0b)and g : (b = c) be given. By path induction,
we may assume that p = refl,. Again by path induction,
we may assume that g = refl,. In this case, we define p+g
as refl,.”

e Here is how to construct the function ap, : (x = y) —
(g(x) = g(y)), if g is some given function:

“By path induction, it suffices to define ap, (p) when p is refl.
In this case, we declare ap,(p) to be refly(,).”



Path induction does not allow to replace any paths whatsoever
by the canonical reflexivity witnesses. For instance, the follow-
ing “proof” of

Prq=4q*p
for all paths p and g is bogus:

“By path induction, we may assume that p and g are refl,. In this
case, p*q and q * p both equal refl, * refl, = refl,.”

Indeed, the claimed statement is not even well-typed:
[T IT II (ra=a-p)
0y X pi(x=y) q:(y=z)

The composition g * p is not defined. Weakening the statement to

HHH

x:X p:(x=x) q:

does not help either, since in this statement there is no free
endpoint, so path induction does not apply.



What is type truncation?
Let X be a type.
The propositional truncation || X||_1 is generated by

® a function X — || X||_1 and
m forany x,y: ||X]|—1, apathx =y.

The 0-truncation || X||o is generated by

m a function X — || X||p and
m forany x,y: ||X]|lo,p,9: (x =y),apathp =g4.

The fundamental group of (X, xg) is
1 (X, x0) = [[Q1(X, %0) [lo := [|(x0 = x0) -
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Similarly, one can define the n-truncation of a type for any
n> —2.

| X]| -1 is a mere proposition, ||X]|o is a set (discrete space).

More generally and precisely, ||X||,, is the reflection of X in
the world of n-types, i. e. its n-th Postnikov section.

IX||o is the set of connected components of X.



o A type X is connected if and only if

YITIx=yl-.

X y:X

e In logical terms, this is read as follows: A type X is con-
nected if and only if there is some value x : X such that for
any value y : X, it is merely true that x = y.

e In geometric terms, it reads: A space X is connected if and
only if there is some point x : X such that for any pointy : Y,
there is a path connecting x to y, and this path does not need
to depend continuously on y.



e Out of a value of ||X||_1, we cannot extract a witness of X,
i.e. there is no function of type

[TUX]-1 — X).

XU

e Intuitively, if || X||_; is inhabited, then we know that there
must be some witnesses of X, but generally, we cannot choose
a specific such witness: By our general principles, this wit-
ness would depend in a continuous way on X, but this is
too much to ask for.

e However, by the universal property of (—1)-truncation, to
prove an implication of the form || X||-; — Y where Y is
itself a mere proposition, it suffices to prove the a priori
weaker statement X — Y. Intuitively, in this case we can
make the choice, because the produced value of Y does not
depend on it.



e By circle induction, an equivalent definition of the funda-
mental group is

(X, xp) := ||(Sl, base) — (X, x0)]lo,

i.e. the set of connected components of the space of base-
point-preserving functions S! — X.



st s? s® st S5 sé s7 s8
T Z 0 0 0 0 0 0 0
T 0 Z 0 0 0 0 0 0
T3 0 Z Z 0 0 0 0 0
Tl 0 z, Z, V4 0 0 0 0
s 0 z; Z; Z, V4 0 0 0
76 0 Z1 Zi 7, Z, z 0 0
1 0 7, Z, ZxZ Z, Z, z 0
s 0 7, Z, 7 Zo Z, 7, z
o) 0 Z3 Z3 Z% Z; Zyy Zy Zy
o 0 Zss Zys ZoyXZs Z, 0 Zoy Z,
1 0 Z, Z, VAT Z, Z 0 2oy
o 0 7 72 A Zso Z, 0 0
13 0 ZipxZy  ZiyxXZp Z% Zy Zgo Zy 0

Some of the known homotopy groups of the spheres, lifted from the HoTT book.



What is the univalence axiom?

An equivalence is a function f : X — Y such that

IsEquiv(f) := ] ] IsContr(fibs(y)).
Y

Types X and Y are equivalent iff

(X~Y):= Y IsEquiv(f).

FXoY

The univalence axiom states: The canonical function
(X=Y) — (X~Y)
is an equivalence, for all types X and Y.
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e Read in logical terms, a function f : X — Y is an equiva-
lence if and only if for any y : Y, the fiber fib(y) is a single-
ton, i. e. if and only if f is bijective.

e One can prove that IsMereProp(IsEquiv(f)).

e Avalueof (X ~ Y) is a pair consisting of a functionf : X —
Y together with a proof that f is an equivalence.



e Let X and Y be types, i.e. values of the universe /. Then
there is the identity type (X = Y). What does it look like?

e Without the univalence axiom, this question does not have
an answer; the special behaviour of (X = Y) is left unspeci-
fied by the remaining rules of homotopy type theory.

¢ With the univalence axiom, the question has a clear answer:
The type (X = Y) of identity witnesses is equivalent to the
type (X =~ Y) of equivalences.



e The canonical function (X = Y) — (X ~ Y) appearing
in the univalence axiom is constructed by path induction.
It maps the canonical reflexivity witness refly to the trivial
equivalence idyx : X — X (together with a proof that idx is
an equivalence).



By the univalence axiom, equivalent types really are equal.

It implies that isomorphic groups, vector spaces, ... are
equal.

Thus the widespread practice of pretending that isomorphic
structures are equal is rigorously formalized.

Because any construction has to respect equality, the univa-
lence axiom guarantees that any construction respects equiva-
lence.

Most nontrivial mathematical results in homotopy type the-
ory require the univalence axiom.



e The univalence axiom implies function extensionality: The
canonically defined function

f=¢ — l:\[(f(X) =g(x))

is an equivalence, for all functions f, g : A — B.

e So homotopic functions are equal.



e Without the univalence axiom, it is consistent to assume
uniqueness of identity proofs, i. e.

UIP:EHH H (p=9q),

XU xy:X p,q:(x:y)
thus collapsing the homotopical universe.

e Phrased differently, the univalence axiom can not be added
to an extensional type theory (one fulfilling UIP).

o No computational interpretation of the univalence axiom is known
yet. This prevents us from running proofs (as computer pro-
grams). If this were possible, we could, for instance, simply
run a proof of the fact that some 7(S") is cyclic (i. e. of the
form Z/(m)) to find out the value of m.



What's the status of the axiom of choice?

m The following proposition is just true, but is not a
faithful rendition of the axiom of choice:

(HZR(x,y)) — Y TIRGxf(x)).

x:A y:B f:A—=B x:A

m The real axiom of choice,

Q;IH]/:ZBR(x’y)Hq) 7 H Z QR(x,f(x))H_l,

f:A—B

can be added as an axiom, but is rarely needed.
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What's the status of the axiom of choice?

m The following proposition is just true, but is not a
faithful rendition of the axiom of choice:

(HZR(x,y)) — Y TIRGxf(x)).

x:A y:B f:A—B x:A
m The real axiom of choice,
<HHZR(x,y)H_1> - H Z HR(x,f(x))H_l,
x:A'y:B f:A—B x:A

can be added as an axiom, but is rarely needed.
m The law of excluded middle is too rarely needed.

LEM := H(Isl\/lereProp(A) — A+ ﬂA).
AU
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e When doing homotopy theory in a classical set-based set-
ting, one has to sometimes use the law of excluded middle
or even the axiom of choice. This is an artifact of the chosen
encoding in set theory. It is not due to an inherent uncon-
structivity of homotopy theory.

o Also recall that even in set-based mathematics, the law of
excluded middle and the axiom of choice are not needed as
often as it might first appear.

e Adding these two axioms prevents us from running proofs.
In contrast to the univalence axiom, where it is believed
that a computational interpretation might be found, this is
less clear with these classical axioms.



e Since the law of excluded middle as stated refers only to
mere propositions ((—1)-types), it is also denoted
‘“ LE M _1 I/.

o A law of excluded middle may not refer to all types, i.e.

LEMy := AHU(A + ﬁA),

is inconsistent with the univalence axiom.



What are models of HoTT?

Conjecturally, HoTT can be interpreted in any
(00, 1)-topos. Verified models include

m oGrpd, i. e. a model in simplicial sets, and

m (0o, 1)-presheaf toposes over elegant Reedy
categories.

Thus, any theorem proven in HoTT holds in the context of
classical homotopy theory and in more general contexts.
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The prototypical (oo, 1)-topos coGrpd ~ Top[whe '] ~ Kan is
equivalently:
e the (oo, 1)-category of all (oo, 1)-groupoids,

o thelocalization of the category of topological spaces (which
have the homotopy type of a CW complex) at the class of
weak homotopy equivalences, and

o the category of Kan complexes.



What are applications?

Homotopy type theory subsumes all of classical
mathematics, by using the fragment of discrete types.

The following subjects have received special treatment:

m Homotopy theory (duh)
m Category theory

m Data type theory

m Your subject here!

Also, HoTT can be used as the internal language of
(00, 1)-toposes.

Arbeitsseminar Geometrie/Topologie Homotopy type theory

22/22



There is also lots of activity related to homotopy type theory in
type theory, (o0, 1)-category theory, the theory of simplicial and
cubical sets, computer-aided reasoning, ...



¢ In homotopy type theory, isomorphic objects of categories
are equal.

e Like in classical category theory, any fully faithful and es-
sentially surjective functor is an equivalence of categories.
Unlike in the classical approach, this is proven by a simple
appeal to the axiom (really theorem) of unique choice.

e Equivalent categories are equal.



“Recall” that data types can be modeled as initial algebras
for polynomial functors.

For instance, the type List(X) of lists of type of X is the ini-
tial algebra for the functor

21+ X %7

Formally differentiating the fixed-point equation List(X) =
14 X x List(X) gives

dList(X) = List(X) 4+ X x dList(X).
Formally solving this equation gives

dList(X) = List(X) x List(X).

This data type is the zipper for lists, i. e. the type of one-hole
contexts of lists.



e 0X" = nX" 1. This makes sense.
e What's the antiderivative of X"*? What should %HX”” be?
e The type of cycles of length n + 1!

e Unfortunately, this type can not be modeled in the standard
approach.

e It can in homotopy type theory, by simply relaxing a part
of the definition of polynomial functors (not shown here)
to no longer restrict to sets, but to allow arbitrary types.

See http://www.cs.nott.ac.uk/~txa/talks/lyoni4.pdf.


http://www.cs.nott.ac.uk/~txa/talks/lyon14.pdf

What is homotopy type theory?

Homotopy type theory ...

is elegant,

m reflects mathematical practice,

contains wondrous new concepts,

ensures that everything respects equivalences,
simplifies the plumbing of homotopy theory,
allows for accessible computer formalization.
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What is homotopy type theory?

Homotopy type theory ...

is elegant,

m reflects mathematical practice,

contains wondrous new concepts,

ensures that everything respects equivalences,
simplifies the plumbing of homotopy theory,
allows for accessible computer formalization.

EVERYTHING IS
AWESOME!
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An application in string theory: https://golem.ph.utexas.edu/
category/2012/05/what_is_homotopy_type_theory_g.html

There is a vibrant community of HoTT amateurs — people with-
out a formal training in mathematics who nevertheless are in-
terested in homotopy type theory. Most of these people have a
background in programming, particularly with fancy languages
like Haskell.


 https://golem.ph.utexas.edu/category/2012/05/what_is_homotopy_type_theory_g.html
 https://golem.ph.utexas.edu/category/2012/05/what_is_homotopy_type_theory_g.html

How can we calculate 71(S?)?

By circle induction, we define a type family code which
will turn out to be the universal covering space
(think R — SY):

code : St — U, base — Z, loop — ua(succ).

Here, ua(succ) : (Z = Z) is the identity witness
corresponding to the equivalence succ : Z — Z.
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Thought of a fibration, code looks like this: Its fiber over base
is Z. A number v : code(base) is transported along loop to v + 1.



Define:
f o Z — (base = base), n+— loop”
g : (base =base) — Z, p — code(p)(0)

Verify g o f = id by induction. But there is no principle which
would help in proving that f o ¢ = id. For this, need to generalize;
define by circle induction on x : S

fr ¢ code(x) — (base =x)

gx : (base=x) — code(x)
such that fpase = f and gpase = &-
Then [T,.q1 (fx © gx = id) can be proven by path induction.

In particular, we obtain (base = base) ~ Z. Taking the 0-trunca-
tion, we obtain

nl(Sl,base) := ||(base = base)||o ~ || Z||o ~ Z.
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