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Algebraic geometry in a nutshell

Turn commutative rings into spaces, and glue those spaces.

Examples

1 Spec(k[X1, . . . ,Xn]) = An.
2 Spec(k[X , Y ]/(Y − X 2)) = standard parabola.
3 Gluing with along yields P1.

Concrete results

Fermat’s Last Theorem: For n ≥ 3, no positive integers satisfy

an + bn = cn.

1 / 5



Trans�nite methods

The standard presentation of algebraic geometry hinges on:

large structures: classes, large categories, universes, . . .
powersets
law of excluded middle
axiom of choice

despite:

1 subject matter (in part) very concrete
2 computer algebra systems for computations practical
3 constructive algebra well-established
4 high-level proofs often constructive
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Formalizing algebraic geometry
Rings,

categories and
schemes in

Coq

Rings, categories and schemes in Coq
a project to formalize algebraic geometry and related

mathematics in Coq/SSReflect

Xuanrui Qi 1

1Graduate School of Mathematics, Nagoya University

November 16, 2020
Theorem Proving and Provers 2020
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Schemes in
Lean

Kevin Buzzard

Introduction

The
beginnings.

The project
starts.

What is a
scheme?

Simple type
theory / FOL
rant slide

First success.

Equality and
cheating.

Schemes 2.0

The future.

Schemes in Lean

Kevin Buzzard, Kenny Lau, Chris Hughes, Ramon
Fernandez Mir

Imperial College London

AITP, 11th April 2019.
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A trinitarian challenge

13 + · · · + n3 = (1 + · · · + n)2

constructivity elegance formalizability

Thesis

Elegant mathematics lends itself to rewarding formalization.
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Foundational possibilities
Schemes and scheme morphisms

locally ringed . . .
. . . topological spaces – unconstructive, hard to formalize
. . . locales – impredicative, super�uous opens
. . . distributive lattices – need extension from basis
. . . sites – current favorite! morphisms intricate
. . . toposes – large structure
. . . arithmetic universes – a bit better; issue with relative spectrum
formal geometries – can be regarded as sites
functor of points – large structure, issue with sizes or

with schemes not of �nite presentation over the base ring
formal gluing data – morphisms intricate

A surprise of uncertain import:

Internally to the big Zariski topos
of a base scheme, the Zariski spectrum of a �nitely presented algebra
does have enough points! [Cherubini–Coquand]

Zariski cohomology

Čech cohomology – ad hoc, but �ne for
quasicompact separated schemes

injective resolutions – hopelessly unconstructive
dynamical injectives – ??
�abby resolutions – probably unconstructive
pointwise Kan extensions – �ne! partially de�ned RΓ;

– existence veri�ed for
quasicompact separated schemes;
hyper coverings?

Étale cohomology
??
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